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ABSTRACT 

t I 

A formula has been developed to correct laser raging data for the 

effects of horizontal refractivity gradients. The formula requires the 

values of the horizontal pressure and temperature gradients at the laser 

site. 

formula with range corrections which were computed by ray tracing. 

The accuracy of this technique was evaluated by comparing the 
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1. INTRODUCTION 

I 1, 
i 

I n  r e c e n t  years lasei ranging systems have begun t o  play 'an important 

r o l e  i n  t h e  a c c u r a t e  de t e rmina t ion  of s a t e l l i t e  o r b i t s .  For many 

a p p l i c a t i o n s ,  such as monitoring c r u s t a l  movements of the e a r t h ,  p o s i t i o n  

a c c u r a c i e s  of s e v e r a l  c e n t i m e t e r s  o r  less are d e s i r a b l e .  Atmospheric 

r e f r a c t i o n  may, however, i n c r e a s e  t h e  o p t i c a l  pa th  l eng th  t o  an o r b i t i n g  

s a t e l l i t e  by over  t e n  meters a t  l o w  e l e v c t i o n  angles .  

Various formulas have been proposed t o  c o r r e c t  laser r ang ing  d a t a  

f o r  t he  e f f e c t s  of atmospheric r e f r a c t i o n .  Based on t h e  work of Marini 

(31 and Saastamoinen [ 2 ] ,  Marini and Murray [ l ]  der ived a c o r r e c t i o n  

formula which is a t t r a c t i v e  f o r  sa te l l i t e  ranging a p p l i c a t i o n s  because 

i t  r e q u i r e s  on ly  s u r f a c e  measurements of p r e s s u r e ,  temperature,  anS 

r e l a t i v e  humidity. The  accuracy of t h e i r  formula was t e s t e d  by 

comparing i t  with range c o r r e c t i o n s  c a l c u l a t e d  by ray t r a c i n g  through 

atmospheric r e f r a c t i v i t y  p r o f i l e s .  The p r o f i l e s  were generated from 

radiosonde measurements of p re s su re ,  temperature,  and r e l a t i v e  hun id i tv .  

Marini and Murray's formula was de r ived  by assuming t h a t  a 

s p h e r i c a l l y  symmetric r e f r a c t i v i t y  p r o f i l e  adequately cha rac t e r i zed  t h e  

atmosphere. Zanter,  Gardner, and Rao [ 4 ]  and Gardner and Rowlett 161 

i nves t iga t ed  the  v a l i d i t y  of t h i s  assumption hy ray t r a c i n g  through 

three-dimensional r e f r a c t i v i t y  p r o f i l e s .  Their  r e s u l t s  i n d i c a t e  t h a t  

ho r i zon ta l  r e f r a c t i v i t y  g r a d i e n t s  can in t roduce  range e r r o r s  of over 

t h r e e  r e n t i m e t e r s  a t  t he  lowtr e l e v a t i o n  ang le s  (10" - 20"). I n  t h i s  

r e p o r t  a c o r r e c t i o n  formula w h i c h  p a r t i a l l y  compensates f o r  t h e s e  

;rrndient e f f e c t s  is d e r i v t d .  The accuracv of the formula is  i n v e s t i g a t e d  

hy co rnpa r i i i~  i t  w i t h  range corrtpi-tions c n l c u l a t t d  hy rciv t r a c i n g .  

I 
1. 

I 
1 
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11. CORRECTION FORMULA DERIVATION 

Numerous formulas Save been developed which p a r t i a l l y  c o r r e c t  laser 

s a t e l l i t e  ranging measurements f o r  t he  e f f e c t s  of atmospheric r e f r a c t i o n .  

For many a p p l i c a t i o n s  such as  t h e  monitoring of  c o n t i n e n t a l  d r i f t ,  f a u l t  

motion and o t h e r  t e c t o n i c  p rocesses ,  p o s i t i o n  a c c u r a c i e s  of b e t t e r  than 

a few cen t ime te r s  a r e  r equ i r ed .  Oniy t h e  c o r r e c t i o n  formulas developed by 

Saastamoinen [ 2 ]  and Marini and Murray (11 provide t h i s  accrxacy a t  

e l e v a t i o n  ang le s  of 10 t o  20 degrees.  These formulas were de r ived  under 

the  assumption t h a t  atmospheric r e f r a c t i v i t y  is s p h e r i c a l l y  symmetric. 

Th i s  assumption holds  on ly  approx ina te ly  even f o r  t he  normal s ta te  of 

t h e  troposphere.  The r e f r a c t i v i t y  a t  sea l e v e l  i n e v i t a b l y  i n c r e a s e s  from 

t h e  warmer e q u a t o r i a l  r eg ions  toward t h e  c o l d e r  c l i m a t e s  a t  t h e  po le s .  

In  the  lower troposphere t h e  s u r f a c e s  of cons t an t  r e f r a c t i v i t y  a c q u i r e  a 

g e n e r a l  s l o p e  toward t h e  equator  u n l e s s  t h i s  is prevent  . by some l o c a l  

p e r t u r b a t i o n .  

The o p t i c a l  path l eng th  w i l l  t h e r e f o r e  be a f f e c t e d  by the  h o r i z o n t a l  

r e f r a c t i v i t y  g r a d i e n t s .  These c f f e c t s  a r e  i l l u s t r a t e d  i n  ray- t race 

c o r r e c t i o n s  r epor t ed  by Zanter ,  Gardner,and Rao [ 4 ]  and Gardner and 

Rowlett [ 6 ] .  The r e s u l t s  i n d i c a t e  r e f r a c t i v i t y  gradier i ts  induce changes 

i n  the  o p t i c a l  path lenKth of a s  much a s  four  t o  f i v e  cen t ime te r s  a t  

t e n  degrees  e l e v a t i o n .  

Correct ion formulas w h i c h  compensate f o r  the ho r i zon ta l  g r a d i e n t s  

can b e  dzi-ived following a n  approach similar t o  Marini a n d  Murray's [ l ] .  

The geometry of t h e  l a s e r  ranging s i t e  and s a t e l l i t e  t a r g e t  is shown i n  

b i g .  1. The o p t i c a l  path l e n g t h  between t h e  s i t e  and t a r g e t  is  def ined 

a s  the in tegra l  of the group r e f r a c t i v e  index a l o n g  the  r a v  pa th .  i f  the 

r e f r a c t i v i t y  i s  s p h e r i c a l l y  symmetric , t h e  ra:; p:i:I! w i l l  l i e  e n t i r e l y  i n  a 

1 r 1 i 

I 
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Figure 1. Geometry of ranging s i t e ,  t a rge t ,  and auxiliary s i te ,  
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plane. 

is given by 

In  t h i s  case t h e  apparent  range measured by a pulsed laser system 

where n 

f o r  a s p h e r i c a l l y  s t r a t i f i e d  medium ( s e e  Fig.  1 )  

i s  t h e  group index of r e f r a c t i o n  and €I i s  given by S n e l l ’ s  l a w  
I3 

n r  cos 8 = n r cos eo . 0 0  (2-2) 

no is  t h e  phase r e f r a c t i v e  index a t  t h e  laser s i te .  

The range error is  t h e  d i f f e r e n c e  between the  o p t i c a l  range R and 0 

t h e  s t r a i g h t - l i n e  p a t h  l e n g t h  R I f  n i s  expressed i n  terms of  t h e  

group r e f r a c t i v i t y  N 

S’ f3 

R’ 

then t h e  range error can te \ - - i t t e n  i n  t h e  form 

The f i r s t  term is  the  v e l o c i t y  error whi le  t h e  bracketed term is t h e  

d i i f e r e n c e  between t h e  g e o n c t r i c  l e n g t h s  of t h e  ray  and s t r a i g h t - l i n e  

p a t h s .  

Since the  r e f r a c t i v i t y  g r a d i e n t s  are  small (see Zanter ,  Gardner,  and 

Rao [ 4 ]  and Cardner and Rowlett [ 6 ] ) ,  we w i l l  assume the  change i n  t h e  

ray pa th  is s l i g h t  s o  L a t  w e  need only cons ider  che f i r s t  i n t e g r a l  i n  

( 2 - 4 ) .  N is expanded i n  a one-dimensional Taylor s e r i e s  about t he  l a  ‘. r 

s i t e  
R 

i I *., I 1 i 
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where h is t h e  a l t i t u d e  above t h e  laser s i t e  and c. i s  t h e  h o r i z o n t a l  

coord ina te  measured from the  rangin2 si te i n  t h e  d i r e c t i o n  of t h e  laser 

beam t r a j e c t o r y .  The geometry of t h e  problem is  i l l u s t r a t e d  i n  Fig. 1. 

S u b s t i t u t i n g  ( 2 - 5 )  i n t o  (2-4) g i v e s  

AR = SC + GC 
1 N (h 0) 

s i n  0 s i n  0 

m 

k= 1 
(2-8) 

where 

SC is a Marini  and Murray-type c o r r e c t i o n  which corresponds t o  a spher i -  

c a l l y  symmetric atmosphere. The g r a d i e n t  c o r r e c t i o n  term ( G C )  i n c i u d e s  

t h e  e f f e c t s  of t h e  h o r i z o n t a l  r e f r a c t i v i t y  g r a d i e n t s .  

Again, s i n c e  t h e  h o r i z o n t a l  g r a d i e n t s  are small, we  w i l l  approximate 

GC by t h e  f i r s t  term i n  t h e  series, GC1. The second term, GCZ, w i l l  be 

evalua ted  approximately t o  o b t a i n  a bound on t h e  e r r x  introduced by 

t h e  neglec t  of t h e  higher-order  terms. The problem is s i m p l i f i e d  by 

tak ing  t h e  p d e r i v a t i v e  a f t e r  t h e  r i n t e g r a l  i s  eva lua ted  

1 
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The o p t i c a l  group r e f r a c t i v i t y  is  given by Marini and Murray [ l ]  as 

e (2- 10) 11.3 - T N 80.343 f ( A ) T  - 
g 

7.5(T - 273.15) 
237.3 + (T - 273.15) 

where 

e = -  Rh x 6.11 x 10 
100 

0164 + .000228 f ( A )  = .9650 +- 
A 2  A 4  

P = atmospheric p r e s s u r e  (mb) 

T = temperature ( O K )  

e = p a r t i a l  p r e s s u r e  of water vapor (mb) 

A = o p t i c a l  wavelength i n  microns (530 f o r  t h i s  i n v e s t i g a t i o n )  

Rh = r e l a t i v e  humidity ( X ) .  

(2-11) 

(2-12) 

The w a t c r  *:??,r c o n t r i b b t i n n  is small and can be  neglected i n  t h e  e v a l u a t i o n  

of GL The v a r i a t i o n  of  N with a l t i t u d e  can be determined by assuming 

the atmosphere is i n  h y d r o s t a t i c  equ i l ib r ium.  From t h e  perfect-gas  l a w ,  

the  l a w  of p a r t i a l  p r e s s u r e s ,  and t h e  h y d r o s t a t i c  equa t ion ,  we o b t a i n  

3: 

1' E 

where 

M = 28.966 = molecular weight of dry a i r  

Mw = 18.016 = molecular weight of water vapor 

R = 8314.36 j o u l e s  ("K)-'(kg-mole)-' = u n i v e r s a l  gas c u r s t a n t  

g = a c c e l e r a t i o n  of g r a v i t y  (m/sec). 

The p r e s s u r e  is  obtained by i n t e g r a t i n g  (2 -13)  

P = P exp 
I 

S 

(2-13) 

(2-14) 

P i s  the  s u r f a c e  p re s su re .  Although g dec reases  w i t h  a l t i t u d e ,  the 
S -- 

* 
Water vapor g r a d i e n t s  c o n t r i b u t e  less than 1 mi l l ime te r  above 19" e l c v n t i o n .  
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small and can be  neglec ted  in (2-14). The temperature  T is 

I 1 I 

e f f e c t  is 

assumed t o  have a l i n e a r  s l o p e  

T = Ts + Bh 

e 
3 
0 
E -  

where T is t h e  s u r f a c e  temperature  and B is t h e  temperature  lap;.-. r a t e .  
S 

. . 5  1, 
The i n t e g r a t i o n  i n  (2-14) us ing  (2-15) g i v e s  

(2-16) 

t The group r e f r a c t i v i t y  i s  obtained by s u b s t i t u t i n g  (2-15) and (2-16) 

i n t o  (2-10) and neg lec t ing  t h e  water vapor c o n t r i b u t i o n .  

(2-17) 

t 

The h o r i z o n t a l  coord ina te  p i n  (2-9) is also a func t ion  of a l t i t u d e .  

p may be approximated by its va lue  along t h e  s t r a i g h t - l i n e  pa th  R 
S 

c o t  E + t a n  E p = ro sin-' (2-18) 

where E i s  t h e  s a t e l l i t e  e l e v a t i o n  angle .  

in tegrand  i n  (2-9) i s  s i g n i f i c a n t  only f o r  h less than about 100 km. I n  

When E i s  10" o r  l a r g e r ,  the  

t h i s  reg ion  t h e  square  roo t  i n  t h e  argument of t he  a r c  s i n e  can be 

approximated by the  f i r s t  two terms i n  t h e  binomial series 

. (2-19) -1 h 1 cos  E h h ' 1 cos2  E h 2 
p : rO s i n  

t an  E rO t a n  

The term - i n  (7-19) i s  the  va lue  of p f o r  a f l a t  e a r t h  model. The t an  E 

. *  second term is a cor . ' ,  = t i o n  f o r  t he  more r e a l i s t i c  s p h e r i c a l  e a r t h  model. 
:- 1 

B 
c 
I 

1 13y.Bwt-i 
. ___I__ 

I 
I 

1 I 1 < ,  
1 

__c- -.-. ~. ~ 
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It is s i g n i f i c a n t  only a t  t h e  lower e l e v a t i o n  ang le s .  

The a l t i t u d e  depend3nce of  -- i s  heterrnined by s o l v i n g  (2-2) f o r  
S I 1  3 

c__ and expanding t h e  r e s u l t  i n  i n v e r s e  powers of s i n  0 ( see  G,rdner 
s i n  0 0 

and Rowlett [ 6 ] ) .  The two most s i g n i f i c a n t  terms a r e  

1 - 1  1 h  - - - _ - -  
s i n  0 s i n  E 3 s i n  E ro (2-2C,, 

Now s u b s t i t u t i n g  (2-19) and (2-20) i n t o  (2-9) anci r 2 t & i ~ - w  only f t rs t -  and 

second-order terms i n  p , w e  have 

rm 
( 1  + 1/2COS 4 E) 

s i n 2  E 
dh N (h,p') h 

The i n t e g r a l s  can now 

for N 
g 

C a GC = 1 s i n  E t a n  E aP 

R2 C = 8 0 . 3 4 3  f ( X )  - 
(Mg) 

3 

be evaluated by us ing  t h e  expres s ion  

(2-21) 

i n  (2-17) 

= 0.915 x 19-2 f ( h )  (m) 

D = - 8 0 . 3 4 3  f ( X )  -- R3 = - 6 . 3 6 2  x f ( h )  (m) 
r 0 ( ~ g ?  

where r is taken a s  t h e  nominal e a r t h  r a d i u s  (6378 km), and g has  been 

set equal t o  9.784. The c o r r e c t i o n  term CC i s  given i n  meters when the 

l i s t e d  va lues  f o r  C and D are used and the  d e r i v a t i v e s  a r e  i n  u n i t s  ( \ F  

m . 'The value o r  K depends on t h e  temperature lapse r n t e  8 .  Flarini 

and Murray [ l ]  derived an empi r i ca l  expressi-on f o r  K by  numerically 

0 

1 

-1 
s 

S 

I z 

I 
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i n t e g r a t i n g  through a tmospt .cxs  of t h e  U.S. Standard Atmosphere Supplements 

(1966) and apply ing  a l i n e a r  r e g r e s s i o n  f i t  t o  t h e  va lues  

(2-23; 
S 

= 1.163 .t 0.00968 c o s  i6 - 0.00104T + 0.00001435P 
KS S 

0 = c o l a t i t u d e  of  laser s i t e  

The f i r s t  term i n  (2-22) is  t y p i c a l l y  t h r e e  t o  four  cent imeters  a t  10" 

e l e v a t i o n  while  t h e  second t r r m  is g e n e r a l l y  one cent imeter  o r  l a s s .  

10" e l e v a t i a n  roughly two-thirds of t h e  c o n t r i b u t i o n  of t h e  second term 

ar ises  from t h e  e x p a n s i m  of - (Eq. (2-20)). The remaining c o n t r i b u t i o n  

i s  from t h e  s p h e r i c a l  e a r t h  c o r r e c t i o n  f a c t o r  i n  t h e  expansion of P 

(Eq. (2-19)). 

A t  

s i n  R 

The e r r o r  introduced by n e g l e c t i n g  higher-order  terms of GC can be 

es t imated  by o b t a i n i n g  a bound on t h e  szcond tzrm i n  t h e  series 

(2-24) 
2 - dh h f*' ( h , ~  

R - 

This  i n t e g r a l  can be eva lua ted  by s u b s t i t u t i n g  t h e  e::;ressim given i n  

(2-17)  f o r  N 
g 

2.029 f ( A )  3 
GC' . 1 I - 

s i n  E t an2  E ar; 2 ,2 - 

-2 
GC2 's given i n  meters when the  d e r i v a t i v e  i s  i n  i t n i t s  of m 

1 
1 
c I I 

( 2 - 2 5 )  

I 

I 
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111. CALCULATION OF GC1 

Data used i n  eva lua t ing  GC were obta ined  from radiosonde ba l loon  

releases cf P r o j e c t  Haven Hop: [SI. Figure  2 d i s p l a y s  the  l o c a t i o n s  .rf t h e  

radiosonde release sites. Most sites are seen t o  be centered  about t h e  

Washington, D.C. area and t o  be d isp laced  100 to  150 k i lome te r s  from one 

another .  The radiosondes w e r e  r e l eased  w i t h i n  a few minutes of each 

o t h e r  a t  va r ious  tinres throughout t h e  n i g h t  and day dur ing  January and 

February of 1970. The ba l loons  monitored p res su re ,  t e - p e r a t u r e ,  and 

r e l a t i v e  h d d i t y  p e r i o d i c a l l y  dur ing  their ascent through t h e  atmosphere. 

1 

Equation (2-22) is based on a s p h e r i c a l  e a r t h  model. Data used i n  

eva lua t ing  (2-22) should r e f l e c t  t h i s  modeling, i.e., va lues  of pres su re  

and temperature  should be  obta ined  from a s p h e r i c a l  su r f ace .  The r a w  

radiosonde d a t a  v i o l a t e d  t h i s  modeling i n  t w c  r e spec t s .  

given group of r e l e a s e  sites, eacn si te w a s  a d i f f e r e n t  a l t i t u d e  above 

sea l e v e l .  Second, s i n c e  each b a l l o m  w a s  monitored only p e r i o d i c a l l y ,  

raw d a t a  p o i n t s  were a r b i t r a r y  wi th  r e spec t  t o  a l t i t u d e  and t o  t h e  o t h e r  

ba l loons  i n  the  group. 

F i r s t ,  f o r  any 

These i n c o n s i s t e n c i e s  were remved from any group of bal loon  release 

s i tes  by s e l e c t i n g  t h e  a l t i t u d e  of t h e  h ighes t  s i t e  a s  t h e  f i r s t  a l t i t u d e  

a t  which radiosonde d a t a  would be a v a i l a b l e  from a l l  s t a t i o n s .  Typica l ly  

t h l s  a l t i t u d e  was 140 meters above sea  l e v e l .  Data from t h e  o t h e r  ba l loons  

i r t  t he  group were i n t e r p o l a t e d  t o  t h i s  a l t i t u d e  us ing  the i n t e r p o l a t i o n  

procedures descr ibed  i n  [ l i  and (41 f o r  r ay - t r ac ing  a p p l i c a t i o n s .  

Hethod I Two methods were used t o  e v a l u a t e  (2-22 , o r ,  more 
P T2K 1 

a s s s  . Method i s p e c i f i c a l l y ,  t h e  d e r i v a t i v e s  - (P  T R ) and -- a 
ap s s s  '4 2 - 

KS 
approximates t h e  d e r i v a t i v e s  as 

I t I I 

i 
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P T K - PoToKo 
01 

a 1 1 1  - ( P T K ) =  
a0 s s s  

, "1 2 - KO 

1 
i 

(3-1) 

(3-2) 

where t h e  s u b s c r i p t  0 i n d i c a t e s  t h e  ranging s i t e  and t h e  s u b s c r i p t  1 an 

o u t l y i n g  s i te  l o c a t e d  beneath t h e  laser bean t r a j e c t o r y .  

d i s t a n c e  between t h e  two s i tes  (see Fig.  1). The approximate d e r i v a t i v e s  

i n  (3-1) and (3-2) become more a c c u r a t e  as  pol approaches zero. 

pol is t h e  

Equations (3-l), (3-2), and thus  (2-22) could be evalua ted  u s i n g  

t h e  raw radiosonde d a t a  i n t e r p o l a t e d  t o  t h e  he ight  of t h e  h i g h e s t  site. 

For t h e  case where t h e  laser si te is l o c a t e d  a t  54, e v a l u a t i o n s  of GC1 

would be r e s t r i c t e d  t o  azimuths corresponding t o  those  of t h e  p e r i p h e r a l  

radiosonde sites. I n  a d d i t i o n  t h e  error i n  GC would be a s t r o n g  f u n c t i o n  

of t h e  e r r o r  i n  any s i n g l e  radiosonde measurement. 

1 

These l i m i t a t i o n s  were p a r t i a l l y  overcome by modeling t h e  i n t e r p o l a t e d  

pressure  and temperature of  a group of sites us ing  a polycomial r e g r e s s i o n  

a n a l y s i s .  The i n t e r p o l a t e d  p r e s s u r e  o r  temperature was chosen as t h e  

dependent v a r i a b l e ,  and c o l a t i t u d e  and longi tude  t h e  independent v a r i a b l e s  

of a m u l t i p l e  regression f i t .  The r e g r e s s i o n  generated a polynomial 

g i v i n g  s u r f a c e  p r e s s u r e  o r  temperature  as a f u n c t i o n  o f  l o c a t i o n .  Note 

two r e g r e s s i o n s  were performed f o r  each group of s i t e s ,  one f o r  temperature 

and another  f o r  pressure .  

temperature s u r f a c e  were c r e a t e d  i n  the  v i c i n i t y  of t h e  l a s e r  ranging 

s i t e  a t  t he  a l t i t u d e  of  the highes t  s i t e .  These  s u r f a c e s  y i e l d e d  t h e  

l e a s t  squares  f i t  t o  t h e  i n t e r p o l a t e d  -ndiosonde d a t a .  The polvnonial 

models employed i n  t h e  r e g r e s s i o n  a n a l y s i s  a r e  g i v e n  by  (3-3) through (3-5) 

I n  t h i s  manner a pressure s u r f a c e  and a 

--- 

i I 
1' 1 
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+ $2 s i n 2  e 

84 
M = Mr + 8 Me + $I s i n  8 M + e@ s i n  8 M 4 

d M =  M r +  9 . e  + I$ s i n  8 M 

wh re 

H = pres su re  or temperature  

Mr,Me.M$*Me4,MQe,M$# = r e g r e s s i o n  c o e f f i c i e n t s  

6 = c o l a t i t u d e  = 90" - l a t i t u d e  

Q, = longi tude.  

t 

(3-3) 

(3 -4  

(3-5) 

A minimum of s i x  d a t a  p o i n t s  

c o e f f i c i e n t s  i n  (3-3), four t o  determine (3-41, and t h r e e  t o  determine 

(3-5). 

is r equ i r ed  t o  determine t h e  r e g r e s s i o n  

1 Range c o r r e c t i o n s  c a l c u l a t e d  by r a y  t r a c i n g  we . cdmpared with CC 

i n  o r d e r  t o  a s c e r t a i n  i t s  use fu lness  i n  c o r r e c t i n g  r e f r a c t i o n  e f f e c t s  

(see Sec t ion  I V  and Gardner an!  Rowlett j61) .  The p a r t i c u l a r  polynomial 

employed w a s  chosen t o  be the  sawe as t h e  r e f r a c t i v i t y  model used i n  per- 

forming t h e  ray t r a c e s .  By u s ing  more than the  minimum number of s t a t i o n s  

required t o  determine a given polynomial the r eg res s ion  served t o  average 

ou t  some of t h s  radiosonde e r r o r s  (see Sec t ion  V I ) .  Data from e i g h t  

tadiosonde s t a t i o n s  were used f o r  q u a d r a t i c  ( 3 - 3 ) ,  or  l i n e a r  (3-5) modeling 

of  ,pressure and temperature and seven or e i g h t  s t a t i o n s  f o r  a l i n e a r  

p l u s  c r o s s  term model (3-4).  

Equations ( 3 - 3 )  tt:rough (3-5) a l low Fressure and temperature t o  

be c a l c u l a t e d  a t  any p o i n t  i n  the  v i c i n i t y  of the laser ranging s i t e .  

I I - -.-- t'-- 
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Therefore ,  GC1 may b e  c a l c u l a t e d  a t  any azimuth o r  e l e v a t i o n  r e l a t i v e  

t o  t h e  ranging s i te .  It is a l s o  p o s s i b l e  t o  a r b i t r a r i l y  vary p 

Because of its c e n t r a l  l o c a t i o n ,  s i t e  54  ( s e e  Fig.  2 )  was t h e  ranging si te 

01' 

f o r  t h i s  i n v e s t i g a t i o n .  

A t y p i c a l  e v a l u a t i o n  of GC proceeds as fol lcws.  A model for  the  1 

p r e s s u r e  and temperature  s u r f a c e s  is s e l e c t e d  f r o x  (3-3) through (3-5). 

The d a t a  of t h e  a p p r o p r i a t e  number of s t a t i o n s  (7 or 8 )  are then  i n t e r -  

po la t ed  t o  t h e  a l t i t u d e  of t h e  h ighes t  s t a t i o n .  Two m u l t i p l e  r e g r e s s i o n s  

are performed t o  e v a l u a t e  r e g r e s s i o n  c o e f f i c i e n t s  which are used t o  c a l -  

c u l a t e  p r e s s u r e  and temperature a t  t h e  ranging s i te  and a t  ano the r  p o i n t  

a d i s t a n c e  p from t h e  ranging s i te .  These va lues  are used t o  e v a l u a t e  

(3-1) and (3-2) which are then s u b s t i t u t e d  i n t o  (2-22) t o  y i e l d  CX1. 

01 

Method I1 Using Method I1 t h e  d i r e c t i o n a l  d e r i v a t i v e s  (3-6) and 

(3-7) are e x p l i c i t l y  evaluated a t  t h e  laser ranging s i t e  

The i n t e r p o l a t e d  radiosonde d a t a  were used t o  c a l c u l a t e  t h e  q u a n t i t i e s  

2 2  PTK ,iud FPT K / ( 2  - K ) ]  a t  each r e l e a s c  s t a t i o n  a t  the a l t i t u d e  of the 

h ighes t  s t a t i o n .  These two parameters were then used as t h e  dependent 

v a r i a b l e s  of two m u l t i p l e  r eg res s ions .  The  r eg res s ions  generated poly- 

nomials expres s ing  P T K and - as a func t ion  of l o c a t i o n .  The modeling 

of t he  two q u a n t i t i e s  was r e s t r i c t e d  t o  be. l i n e a r  o r  quadra t i c  as given by 

(3-P)  and (3-9) .  

P ~ 2 ~ 2  
s s s  

s s s  2 - Ks 

1 

i 

( 3 -  8) 

1 

I 
I 
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++ + 4~~ s i n 2  8 F (3-9 1 

where F ~ , F ~ , F + , F ~ ~  , F , ~ , F ~ ~  = r e g r e s s i o n  c o e f f i c i e n t s  

P T~K' F - P T K  O r - - *  s s s  
s s s  2 - K s  t 

t: 

b F As i n  Method I a minimum number of t h r e e  d a t a  p o i n t s  is requ i r ed  t o  

determine t h e  c o e f f i c i e n t s  for model (3-8) and s i x  d a t a  p o i n t s  are r e q u i r e d  

for model (3-9). Error averaging i n  t h e  radiosonde d a t a  w a s  achieved by 

using more than t h e  minimum number of s t a t i o n s  i n  t h e  r e g r e s s i o n s  

determining (3-8) and (3-9). Eight d a t a  p o i n t s  w e r e  used t o  determine both 

(3-8) and (3-9).. Gradient c o r r e c t i o n s  obtained us ing  Method I1 were 

compared with r a y  traces c a l c u l a t e d  us ing  quadra t i c  modeling of 

atmospheric r e f r a c t i v i t y  (see Sec t ion  I V ) .  

aF 
aP I 1 The e v a l u a t i o n  of - is s i m p l i f i e d  by expres s ing  6 and 4 as 

func t ions  of p. Note t h a t  p is t h e  h o r i z o n t a l  coord ina te  measured from 

t h e  ranging site a long  t h e  s u r f a c e  of t h e  e a r t h  i n  t h e  d i r e c t i o n  of t h e  

laser beam. Due to  t h e  c u r v a t u r e  of t h e  e a r t h  p does no t  l i e  i n  a p l ane  

( s z e  Fig. 3).  For this reason spherical .  tr igonometry must be used t o  

expres s  8 and $ as func t ions  of p. The coord ina te  t r ans fo rma t ion  is 

given i n  Appendix 11. The r e s u l t s  are given i n  Eqs. (3-10) and (3-11) 

below. 

1 1 

3 e = cos-' [cos 9 c o s % +  s i n  e s i n  - cos  a 
e r t 0 1 i o  e 

* 
(3-10) 

(3-11) "= 4, + sin - 1 r- s i n  a sin-] '01 
/ s i n  5 r 
c e 

where 
80,$o = c o l a t i t u d e  and  longi tude of ranging s i t e  

r = radius of  the e a r t h  e 

n = azimuth of [I 01 - 

1 
i 

f 
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Note longitudes west of the prime meridian are taken as negative. 

Equations (3-10) and (3-13) may be employed, using the chain rule, 
aF to determine . Separate evaluations of - are required for the linear 

model (3-8) and the quadratic model (3-9). Appendix 111 outlines the 

steps necessary in this evaluation. 

(3-13). 

ap  ap 

The results are given by (3-12) and 

sin u - cos u 
r [Fe + 40 COS 40 * F ] +  7 0 (3-12 ) 
e e 

-cos a 
r e 

b9 + $o cos e F + #o sin e F 
0 4  0 0Q 

= - 

1 2 + Qoeo cos 8 F + 200 Fee + sin 26 F 
0 e@ 0 44 

sin a 
0 'Qd * 

+ ~ kQ + eo F + 2Q0 sin 0 r eQ e 
(3-1 3) 

To summarize, Method I1 uses the interpolated radiosonde data from . 
eight stations to calculate regression coefficients for the parameters 

? T K 

given by (3-8) or (3-9). The regression coefficients are then substituted 

into the explicit evaluation of the derivatives - (evaluated at p = 0). 

Equation (3-12) was used for the linear model and (3-13) for the quadratic 

model. Two evaluations of  (3-12) or (3-13) are required; one using the 

2 2  and P T K /(2 - Ks). The form of the regression modeling is 
s s s  s s s  

aF 
a0 

regression coefficients for P T K and another using the regression 
s s s  

2 2  coefficients for PsTsKs/(2 - Ks). then calculated by substituting 

into Equation (2-22). 

0 4  

the values of 

1 I 1 
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IV. RAY TRACE RANGE CORRECTIONS 

The a b i l i t y  of GC1 t o  c o r r e c t  laser ranging d a t a  f o r  t h e  e f f e c t s  of 

h o r i z o n t a l  r e f r a c t i v i t y  g r a d i e n t s  has  been i n v e s t i g a t e d .  GC was compared 

wi th  range c o r r e c t i o n s  obtained by r a y  t r a c i n g  through three-dintensional 

r e f r a c t i v i t y  p r o f i l e s .  

d a t a  gathered i n  P r o j e c t  Haven Hop I [SI. 

pres su re ,  temperature and humidity measurements obtained by radiosonde 

ba l loons  which were r e l e a s e d  from e leven  d i f f e r e n t  l o c a t i o n s  around t h e  

Washington, D.C. a r e a  du r ing  January and February of 1970. The ba l loon  

release s i tes  are i n d i c a t e d  on t h e  map i n  Fig. 2. 

r e l e a s e d  wi th in  a few minutes of each o t h e r  a t  var ious  times d u r i n g  t h e  

n i g h t  and day and t r acked  t o  a n  average a1t"ude of 15 km. 

1 

The p r o f i l e s  were cons t ruc t ed  using meteorological  

The Haven Hop d a t a  c o n s i s t  of  

The ba l loons  were 

A t  o p t i c a l  f r equenc ie s  t h e  phase r e f r a c t i v i t y  is given by 

(4-1) 
1 6288 0.0136 P e N = '287.604 + - + T ) \  1013.25 11-1 - 11.2683 ?; 

i 

! A A 
2 

where 

h = laser wavelength (urn) 

P = atmospheric p r e s s u r e  (mb) 

T = atmospheric temperature (OK) 

e = dater vapor pressure (mb). 

The group r e f r a c t i v i t y  can i > t  c a l c u l a t e d  f rom ( b - 1 )  

P N = N - X - =  dN 80.343f(X) ;T - 1 1 . 2 7  e s dX T ( 4 - 2 )  

whcrc f ( A )  i s  g iven  by E q .  ( 2 - 1 2 ) .  

Kadiosonde obse rva t ions  c o n s i s t  n f  temperature ,  pressure,and humiditv 

measurements taken from t h e  s u r f a c e  up t o  the  point  where the ba l loon  b u r s t s .  

I 
1 m 
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The measurements are obtained at certain standard and significant levels 

during the balloon ascent. 

Eqs.  ( 4 - 1 )  and (4-2) to construct refractivity profiles along the balloon 

ascent path from the surface up to the point of highest measurement. 

the latter point, the refractivity profile can be extended by assuming a 

suitable temperature profile. 

vity profiles from the radiosonde data is straightforward and is discussed in 

detail in Gardner and Rowlet t ’ s report [ 6 1. 

The data can be used in conjunction with 

Above 

The procedure for constructing the refracti- 

Three-dimensional refractivity prdfiles can be constructed from the 

radiosonde profiles by assuming a suitable model for the horizontal 

refractivity Variations. Zanter, Gardner, and Rao [ 4 ]  used a linear 

model which required three radiosonde p*-ofiles to determine the model 

parameters. Gardner and Rowlett [ 6 ]  extended the model to allow for 

quadratic variations in the horizontal direction. In the present case the 

refractivity at any point can 

where h is the altitude and 0 

t h e  vector = (h,O,$). 8 is 

the north-south direction and 

be written in the form 

and (p are the colatitude and longitude of 

proportional to horizontal displacement in 

4 sin 0 is proportional to horizontal dis- 

placement in the east-west direction. The six coefficients Fir, N e ,  PT+, 

N and N are  constant with respect to e and @ but can change Ne$* 08 ’  $4 
w i t h  altitude. 

I f  the refractivity is known at six or more points, the coefficients 

for any altitude can be calculated using multiple regression. 

failures and balloon malfunctions limited the amount of acceptable 

Equipment 

I 

1 
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radiosonde d a t a  t o  th i r ty -one  releases invo lv ing  groups of seven or e i g h t  

ba l loons  pe r  release. When e i g h t  radiosonde p r o f i l e s  were a v a i l a b l e  the  

quadra t i c  model i n  ( 4 - 3 )  w a s  employed. To reduce the  e r r o r  i n  the  

r e g r e s s i o n  c o e f f i c i e n t s ,  a fou r -coe f f i c i en t  model was employed when only 

seven radiosonde p r o f i l e s  were a v a i l a b l e .  

N(r) = Nr(h) + 0 Ne(h) + 0 s i n  0 N (h) + 84 s i n  9 NO+(h) . (4-4) + 
The phase and group r e f r a c t i v i t y  a t  any p o i n t  (h,8,$) can be computed 

from t h e  radiosonde d a t a  us ing  Eqs. (4-1)-(4-4). The p res su re ,  temperature 

and humidity measured by each radiosonde a r e u s e d  t o  c o n s t r u c t  cont inuous 

p r o f i l e s  of group and phase r e f r a c t i v i t y  a long seven or e i g h t  ba l loon  

a scen t  p a t h s  us ing  (4-1) and ( 4 - 2 ) .  The c o e f f i c i e n t s  f o r  t h e  models i n  

( 4 - 3 )  and ( 4 - 4 )  are c a l c u l a t e d  from these  p r o f i l e s  u s ing  m u l t i p l e  

r eg res s ion .  The c o e f f i c i e n t s  are s u b s t i t u t e d  i n t o  ( 4 - 3 )  and ( 4 - 4 )  t o  

o b t a i n  t h e  three-dimensional r e f r a c t i v i t y  p r o f i l e s  which can then  be 

employed i n  t h e  r ay - t r ac i cg  programs. 

Range c o r r e c t i o n s  were computed by ray t r a c i n g  through the  th ree -  

3' dimensional r e f r a c t i v i t y  p r o f i l e s .  

RT3 is dependent on azimuth s i n c e  t h e  r e f r a c t i v i t y  is assumed t o  vary i n  

the  h o r i z o n t a l  d i r e c t i o n .  Therefore ,  azimuth w a s  va r i ed  from 0" t o  360" 

i n  10" increments.  Ray-brace c o r r e c t i o n s  were c a l c u l a t e d  f o r  each set  

of radiosonde d a t a  a t  l o " ,  2 9 O ,  40" and 80" e l e v a t i o n .  The laser  t r ack ing  

s t a t i o n  was assumed t o  be loca t ed  a t  s i t e  54 i n  Leonardstown, Fld. 

(Fig,  2 ) .  

t r a c i n g  through a s u i t a b l e  s p h e r i c a l l y  symmetric profile cons t ruc t ed  front 

radiosonde d a t a .  RT inc ludes  t h e  e f f e c t s  of h o r i z o n t a l  g r a d i e n t s ,  while  

RT1 c o n t a i n s  no g rad ien t  e f f e c t s .  

These c o r r e c t i o n s  are denoted by RT 

An a d d i t i o n a l  range correct ion,RT , w a s  a l s o  computed by ray 1 

3 

The d i f f e r e n c e  between RT3 and RTI 

i 
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is  the range error contributed by the horizontal refract iv i ty  gradients. 

Complete de ta i l s  of the ray-tracing procedure are available in  reference [ 6 ] .  

I .  
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V. COMPARISON OF GC1 WITH RANGE CORRECTIONS DERIVED FROM RAY TRACING 

A t o t a l  of 31 sets of d a t a  dere processed t o  determine the  accuracy 

wi th  which GC co r rec t ed  f o r  atmospheric r e f r a c t i v i t y  g r a d i e n t s .  Each 

set  employed t h e  meteorological  d a t a  from a relebse of  e i g h t  radiosonde 

1 

bal loons t o  c a l c u l a t e  GC, and perform r a y  t r a c e s .  R a y - t r x e  c o r r e c t i o n  
4. 

terms were c a l c u l a t e d  f o r  each se t  a t  10' increments i n  azimuth and 

e l eva t io i i s  of 10, 2 0 ,  4 0  and 80 degrees .  RT i s  the  e c o r r e c t i o n  

obtained by r ay  t r a c i n g  through tb-.ee-dimensional ref 

3 

* J i t y  p r o f i l e s .  

It c o n t a i n s  t h e  e f f e c t s  of h o r i z o n t a l  g r a d i e n t s  and depends on both 

azimuth a d  e l e v a t i o n .  

t r a c i n g  through s p h e r i c a l l y  symmetric r e f r a c t i v i t y  p r o f i l e s .  

RT1 is t h e  . ange c o r r e c t i o n  obtained by r a y  

The g r a d i e n t  

e f f e c t s  i n  t h e  ranging d a t a  are i s o l a t e d  by c a l c u l a t i n g  t h e  term RT 

Any e f f e c t s  not compensated for by GC are given by t h e  e - ro r  term 

- RT1. 3 

1 

A = (RT3 - RT1) - GC1. 

A value of GC w a s  c a l c u l a t e d  f o r  comparison w i t h  each r ay  t r a c e  1 

usint,  each of t he  methods o u t l i n e d  i n  S t c t i o n  111. They are b r i e f l y  

summarized as  fol lows:  

MODEL a :  Use Method I t o  approximate t h e  d e r i v a t i v e s  (3-1) and 

(3-2) and u s e  a quadra t i c  model (3-3) f o r  the s u r f a c e  

p re s su re  a n d  temperature.  

MODEL b: Use Method I and employ - fou r -coe ' f i c i en t  ( 3 - 4 )  model f o r  

t h e  su r f ace  p r e s s u r e  and t emper i t a r e .  

MODEL c :  Use Method I1 t o  eva lua te  t h e d e r i v a t i v e s  (3-12) and (3-U) 
2 2  

pSTSKS 

KS 

and u s e  a l i n e a r  model f o r  P T.K 

Use Method I1 and employ a quadra t i c  model f o r  PsTsKs and 

arid 3- . 
S b S  

MODEL d: 

P 7-22 
S b S  

2 - K s '  

I 
t I I 
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1.76 - . 2 2  

1.90 - . D l  

The 31 d a t a  sets may be d iv ided  i n t o  t h r e e  grouya. Group A con- 

s i s t e d  of 21 sets of  d a t a  evaluated using modeling scheme a. Group B 

c o n s i s t e d  of 10 a r b i t r a r i l y  s e l e c t e d  sets from Grotip A which were 

r eeva lua ted  using t h e  r ena in ing  modeiing schemes b,  c ,  and d.  
* 

Croup C 

c o n s i s t e d  of 10 sets of d a t a  evaluated using modL in? s;heme b,  The 

groups and models are 3ummarized ir Appendix V I .  

T h i r t p s i x  range c o r r e c t i o n s ,  RT (one f o r  every 10' increment i n  3 

azimuth),  were c a l c u l a t e d  f o r  each d a t a  s e t  a t  each e l e v a t i o n  angle .  A 

s i n g l e  value of RT was obtained f o r  each daca set  a t  each e l e v a t i o n .  

Therefore  t h e r e  were 756 va lues  of t h e  uncorrected g rad ien t  errcr 

1 

KT3 - RT c a l c u l a t e d  f o r  Group A a t  each e l e v a t i o n  ax',,le. 

360 va lues  of RT - RT were c a l c u l a t e d  f o r  Groups E and C a t  each 

e l e v a t i o n  angle.  Table 1 g ives  t h e  mean and sthqdard d e v i a t i o n  of 

S i m i l a r l y ,  1 

3 1 

RT3 - RT 

employed quadra t i c  r e f r a c t i v i t y  models f o r  groups A and B. Groub C 

f o r  each group. The va lues  of RT3 used i n  t h e s e  c a l c c l ? t i o n s  1 

employed a fou r -coe f f i c i en t  r e f r a c t i v i t y  model. I n  a d d i t i o n ,  group B 

was reprocessed using a four-  ? e f f i c i e n t  r e f r a c t i v i t y  mndel and gi-Jen 

t h e  des igna t ion  Bb i n  agreement with t h e  l a b e l i n g  scheme f o r  b C l .  

TABLE I. 

- RT1 UNCORRECTED GRADIENT b 'ROR (cm) RT3 

E leva t ion  10° 1 Group S t d  Mean 
__- 

1 A 1.96 .01 

B 1.90 - . l o  

20" 40" 80 

I .or) 1 

.oo J . 0 1  . 00 
.- i 

. O l  

. 4 h  

.29 -- 
"Group A ,  B and Bb r a y  t i - , , ~ * e s  were ob t ; i i n rd  using e i g h t  radiosonde pr  .if i l e s .  
Croup C ray t r a c e s  W L J T C >  obtained u s i n g  seven radiosonde p r o f i l e s .  

I 

1 
B L 
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1 

Std Mean S t d  Hean 

T a b l e s  2 through 5 give the mean and standard deviation of the residual 

Model b 

Model c 

1 : Model d 
1 

error b = (RT3 - RT1) - GC 
Table 1 with Tables 2 through 5 indicates the standard deviation of the 

for a l l  groups and models. Comparison of 1 

I 1.13 .01 1.41 -.22 

1.30 -.09 

1.16 -.lo , 

ancorrected gradient error has been reduced by almost or -half .  

1 
- I c 

TABLZ 2. 

+ 
ERROR AFTER CORRECTION A (cm) E = loo + 

C R O W  A GROiJP B GROW C 

TABLE 3. 

ERROR X ~ E R  CORRECTIOF? A (cm) E = 200 

GROUP A GROUP B GROUP C 

Model a 

?!ode1 b .3G 

Model c 1 . 3 1  - .01 , 

Model d 1 
I 

I I 
I ! 1 -31 - .01 J 

I 
I 

I 
1 t I 1 - -  

a 
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.07 IO0 

.07 . 00 

I 

.09 -.oo 
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TABLE 4. 

ERROR AFTER CORRECTION A (cm) E = 40" : 
GROUP A GROUP B CROUP C 

I 

-de1 a 

Model b 

Model c 

Model d 

1 :I::: : 
I 1 Model c 
I 

Std  Hean 1 Std Mean 1 

I O 1  .oo I .01 -00 I 

.07 00 

.07 . 00 

TABLE 5 .  

ERROR AFTER CORRECTION A ( c m )  E = BO" : 
GROUP A GROUP B GROUP C 

. O l  . 00 1 - 0 1  . 00 1 
I I -01 .oo 1 

I 1 
I nodel  d i . O l  * 00 

+ + 
R e s u l t s  given f o r  models a and b use  a s e p a r a t i o n  d i s t a n c e  
p o l  = 25 km. Group/M.del Bc w a s  compared wi th  RT3 - RT1, 
c a l c u l a t e d  us ing  a q u a d r a t i c  r e f r a c t i v i t y  p r o f i l e  f o r  RT . 

3 

'i'he mean and s tandard d e v i a t i o n  of RT - KT and .L were computed € o r  3 1 

each azimuth and e l e v a t i o n  angle .  TSe r e su l t s  for CroupIModel Aa a r e  

-. 

p l o t t e d  i n  Figs .  4 throup,h 11. GC e f f e c t i v e l y  removes the  l a r g e  biases 

i n  RT 

ttncorrectcd er ror  (RT3 - RTI) has  been accompanied by an i n c r e a s e  i n  t h e  

s tandard  d e v i a t i o n  of t h e  e r r o r  a f t e r  c o r r e c t i o n .  We b e l i e v e  t h e  i n c r e a s e  

1 

- RT1 a t  each  azimuth. However, t h e  reduct ion  i n  the  mean 3 

i 

I 

i 
I. 
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and (RT3 - RT1) - GC 1 1 versus Figure 5 .  Standard deviation of RT - RT 3 
azimuth. Elevation 10'. Twenty-one data sets comprising 

Group A.  Processed using Model a ( see  page 78) 
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can be a t t r i b u t e d  t o  measuremeat e r r o r s  i n  t h e  radiosonde d a t a  which are 

used to c a l c u l a t e  GC1 (see Sec t ion  VI). 

e f f e c t s  of computer round-off noise i n  t h e  ray- t race  r o u t i n e  (see Gardner 

and Rowlett [a]). 

The E = 80' curve  shows t h e  

In  e v a l u a t i n g  GC1, Method I uses (3-1) and (3-2) t o  approximate :he  

d e r i v a t i v e s .  The accuracy of t h i s  approximation would be expected to  

improve as pol becomes small. 

Figs .  12 and 13, where c o r r e c t i o n s  u s i n g  Group/Models Aa, Ba, Bb and Cb 

are compared. 

increments  i n  azimuth and s e p a r a t i o n s  p = 25, 50, 100, 150, 200 aad 

300 ki lometers .  The e l e v a t i o n  angle  is 10'. 

s tandard  dev ia t ion  of A vas c a l c u l a t e d  and p l o t t e d  as shown. 

converge f o r  Aa, Ba and Bb a t  pol -- 25 km. 

Tables  2 through 5 ,  and compare Models c and d wi th  Models a and b 

( r e s u l t s  f o r  pol = 25 km are given i n  t h e  t a b l e s ) ,  we see Methods I and I1 

give  approximately t h e  same r e s i d u a l  e r r o r s  f o r  small p 

The e f f e c t  of  vary ing  pol is shown i n  

Values of A f o r  t h e s e  groups were c a l c u l a t e d  for 10' 

01 
For each pol t h e  mean and 

The p l o t s  

I f  we examine t h e  r e s u l t s  i n  

01' 

Group/Model Cb has  a h igher  mean and s t anda rd  d e v i a t i o n  than  t h e  

o t h e r  groups. 

seven ba l loons  pe r  release whi le  A and B contained e i g h t .  

c ion  i n  t h e  magnitude of t h e  r e s i d u a l s ,  A, can be a t t r i b u t e d  t o  t h e  

r educ t ion  i n  t h e  number o f m o n i t o r i n g s t a t i o n s  ( see  Sec t ion  V I ) .  The 

f l a t n e s s  of t h e  curves  employing the  fou r -coe f€ ic i en t  model is due t o  t h e  

inherent  l i n e a r i t y  of the  model i t s e l f .  Regardless  of t he  t w o  p o i n t s  we 

s e l e c t  on a l i n e a r l y  modeled PsTsKs s u r f a c e ,  t h e  g rad ien t  or s l o p e  w i l l  

always be a cons t an t .  

Recall t he  radiosonde releases i n  Group C contained on ly  

This degrada- 

Therefore  we would not  expect  CC1 t o  vary wi th  

under t h i s  modeling scheme. 

-- 

I i 1 
I 
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Figure 12. Mean residual error (RT3 - RT1) - GC1 versus pol for Croup/ 

Model? Aa, Ba, Bb, Cb. Group A consists of 21 data sets .  

Group B consists of 10 arbitrarily selected data sets of 
Group A. 

of 8 halloons. Group C consists of‘ 10 data sets employing 

7 radiosonde balloons. Models are explained on page 78. 

Groups A and B employ radiosonde releases consisting 
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Figure 13. Standard deviation of the residual error (RT3 - RT1) - GC1 

;f?rsu.s pol for Group/Models Aa, Ba, Bb, Cb. Group A consists 

of 21 data sets. Group B consists of 10 arbitrarily aelected 
data sets of Croup A. Groups A and B employ radiosonde releases 
consisting of 8 balloons. 

employing 7 radiosonde balloons. Models are explained on 
Group C consists of 10 data sets 

page 70. 
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A t y p i c a l  c o r r e c t i u n  of two d a t a  sets from Group/Model Bd i s  show1 

i n  Figs .  14 and 1 5  where we have p l o t t e d  RT 

Figure 14  shows d a t a  of 1530 2/16/70 e l e v a t i o n  1G0. 

e f f e c t i v e  i n  reducing t h e  g r a d i e n t  e r r o r s  RT 

d e v i a t i o n s  of t h e  36 r e s i d u a l  t r r o r s  A are -.34 and .34 cen t ime te r s ,  

- RTl and A t , r sus  azimuth. 3 
GC1 was f a i r l y  

- RT1. The mean and s t anda rd  3 

r e s p e c t i v e l y .  Figure 15 shows d a t a  of 1770 2/16/70. GC was no t  a3 

e f f e c t i v e  i n  t h i s  d a t a  set. The mean and s t anda rd  de.  i a t i o n  of t he  

1 

36 A's a t  10' e l e v a t i o n  are .25 and .e4 cen t ime te r s ,  r e s p e c t i v e l y .  

F igu res  16  through 19 are his tograms of RT 

21 sets of d a t a  processed using Group/Model A a .  

- RT and 4 f o r  t h e  

E leva t ions  are 10 and 

3 1 

20 degrees .  Peak g rad ien t  e r r o r s  are seer. t o  be reduced through t h e  

a d d i t i o n  of GC1. 

errors ,RT 

t h e  a b s c i s s a  -ralue f o r  E = 10" and Group/Xodel Aa. Apprnximately 

Figure 20 g i v e s  t h e  percentage of t he  uncorrected 

- RTl, and t h e  e r r o r s  a f t e r  c o r r e r t i o n ,  A ,  less than 3 

28 percen t  of t h e  e r r o r s  be fo re  c o r r e c t i o n  were less than +1 cm. A,cer 

c o r r e c t i o n  approximately 53 percen t  of t h e  residua! errors were less than 

?1 cm. 

I t  i s  important t o  note  t h a t ,  r e g a r d l e s s  c i  t h e  method us td  t o  

e v a l u a t e  GC1, t he  mean and s tandard d e v i a t i o n  of the r e s i d u a l  errors L 

are comparable. Improvements i n  A are obtained by varying p and the 

number of o u t l y i n g  meteorological  s t a t i o n s .  These f a c t o r s  must be con- 

sidereo i n  e s t a b l i s h i n g  a ranging f a c i l i t y  of a given accdracy. Section VI 

c o n s i d e r s  t h e  e f f e c t s  of varying t h e  number of s t a t i o n s  and e r r o r s  i n  t h e  

radiosonde d a t a  on t h e  s t anda rd  d e v i a t i o n  of  A .  
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Figure 16. Histogram of uncorrected errors RT., - RTl. 

Twenty-one data sets comprieing Group A processed using 
Model a. Mean = .01 cm. Standard deviation - 1.96 crn. 

Elevation = 10'. 
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VI. EpFEcrs OF BADIOSONDE HEAS- ERRORS 
ON T)IE ACCURACY OF CC1 

E r r o r s  i n  s u r f a c e  measurements w i l l  o f  cour se  'mtroduce errors i n t o  

t h e  g rad ien t  c o r r e c t i o n  term. The magnitude of t h e s e  e f f e c t s  can  be  

e s t ima ted  from an a n a l y s i s  of the  s t a n d a r d  e r r o r  of the r e g r e s s i o n  

c o e f f i c i e n t s  which were used t o  o b t a i n  a l eas t - squa res  f i t  of t h e  surface 

data .  The error is a f u n c t i o n  of the o r d e r  of the r e g r e s s i o n  polynomial 

and t h e  locations of t h e  s u r f a c e  weather s t a t i o n s .  To i l l u s t r a t e  t h e  

procedure we w i l l  c a l c u l a t e  t h e  error t h a t  would be expected u s i n g  t h e  

Ifawn Hop radiosonde da ta .  

The f i r s t  term i n  GC1 (2-22) is t h e  most s i g n i f i c a n t .  Therefore  

t h e  s t anda rd  d e v i a t i o n  of GC1 can be  approximated by 

In  t h e  most gene ra l  case t h e  parameter  P T K i s  expanded i n  a two- 
5 8 s  

dimensional mth o r d e r  r e g r e s s i o n  polynomial 

m 

where the  \ v a r i a b l e s  are the  coord ina te  polynomials and t h e  Bk a r e  t h e  

r eg res s ion  c o e f f i c i e n t s .  For a l i n e a r  r e g r e s s i o n  model we have 

x1 = 1 

x2 - e 
B1 = Fr 

B2 = Fe 

4 X., (0 s i n  0 B3 = F 

(6-3) 

The d e r i v a t i v e  of P T K can be r e l a t e d  t o  the r eg res s ion  f i t  by (6-4). 
$ 5 5  

- 
I , ,,,., , , , _..-. . . .....- -- , ,  .,,,,. I . .. ... --., , , _ .  .. .. , , . - .l"ll ,,,/,,_. . " .  ."... , 
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The s t anda rd  d e v i a t i o n  o f  t h e  d e r i v a t i v e  is related to  t h e  variances and 

i covar iances  of t h e  r e g r e s s i o n  c o e f f i c i e n t s  by (6-5).  
; 
c 

1/2 

P-0 

where 

Cka cov (BksBfi)  

(6 -5 )  

The r e g r e s s i o n  c o e f f i c i e n t s  are c a l c u l a t e d  by measuring p T K a t  n > a - 8 6 8  

d i f f e r e n t  weather s t a t i o n s .  L e t  Fi b e  t h e  ith measurement of P T K which 

is made a t  t h e  coord ina te s  (Xil,Xi2, .... X 

con ta in ing  X 

s s s  

1. 

i n  i ts  ith row and jth column. 

Define X as the  n . m matrix - im 

ij 

. . . . . . . . .  

. . . . . . . . . .  . 

Also d e f i n e  t h e  column vectors 

T 

T 
- F = [F1,F2,. . . . . .  .,F,] 
- 6 = [B1,B2,. . . . . .  .,B,I . 

l e a s t - s q u r e s  r eg res s ion  s o l u t i o n  fo r  t h e  matrix is 

a 

f ? . \  : I I 

(6-7) 

(6-9) 
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The m x m variance-covariance matrix C_ for the regression coefficients is 

given by 

where (I is the standard measurement errof of PsTsKs, i.e., F. 

In our analysis two-dimensiona1,first- and second-order regression 

polynomials were calculated for the parameter PsTsKs. 

ve will consider only the linear regression fit. 

For simplicity 
T The matrix X X is given -- 

- 
n ,  n 
1 $1 k=l k=l 1 %1%2 k=l xklxk3 

n 

kal 'k2Xk3 

n n 

,! %3%2 
* k=l k=l 

I "  ' 
Lk-1 '~3% 

(6-11) 

The coordinates X X2 and X3 are defined in (6-3). X2 and X are the 

horizontal displacements in the north-south and east-west directions. 

Since the radius of the earth is large, we can represent X2 and Xg 

approximately i l l  polar coordinates with the origin taken as the location 

of site 54. 

1' 3 

XI = 1 

X2 = p cos a 

Xg = p sin a (6-12) 

where o is the azimuth angle of p .  

If we let the hth measurement of PsTsKs be taken at eite 5 4 ,  the & X matrix 
Note X2 and X are zero at site 54. 3 

T 
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2 r.- 1 

k=l k *  1 pk cos a sin n k 

becomes 

n- 1 .. 

(6-13) 

The variance-covariance matrix C is fairly easy to calculate from (6-13) 
if we make some simplifying assumptions about the placement of the weather 

stations. For the Haven Hop data the stations are roughly located on the 
n- 1 1 perimeter of a circle centered at site 5 4 .  If we let = -- 1 Pk and - I ksl 

replace pk by ;, (6-13) becomes 

T X X =  - -  

- 
n 

n- 1 
- P  

k p 1 cos a 
k= 1 

2 n- 1 n- 1 

k-1 k= 1 
- -2  

k P 1 'k p 1 cos a 
n- 1 

k- 1 

-2  
k p 1 cos a sin a k 

2 n- 1 n- 1 n- 1 

k= 1 k= 1 k= 1 I 

k p2 1 sin a -2  
k p 1 cos a sin a k k P 1 sin a 

(6-14) 

If the stations are uniformly distributed along the c i r c l e  perimeter and 

n is sufficiently large, the off-diagonal terms are approximately zero 

and summations in the d iagona l  terms are approximately 

t h i s  case the variance-covariance matrix C is given by 

- 2  
(n - 1)  , In 

2 

I I 
L 



- C =  I 
i o  I 

c. 
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0 

0 

. (6-15) 

The standard error in GC can now be calculated by substituting (6-15) 1 
into (6 -5)  and using the result in (6-1) 

P (GC1)Std sin E tan E Approx. (6-16) 

where o is the standard measurement error of P T K . u can be expressed 

in terms of the standard errors of P 
s s s  

and Ts. 
8 

1/2 

(6-17) 

Alternatively the error can be determined by evaluating (6-10) 

exactly using the locations of the radiosonde stations in the Project 

Haven Hop network. 

From (6-1) and (6-5) the standard error in GC1 is 

1/2 
a% ax, 

(GCl)Std sin E C tan E [' k=1 11=1 ' 'kll ] (6-18) 

P'O 
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The coord ina te  

x1 1 

x2 = e 

= $s in8  "3 

polynomials 5 i n  (6-2) are 

X4 - egsine 
x5 = e 2 

(6-19) 

The coord ina te  m a t r i x s  (6-7) is c a l c u l a t e d  us ing  t h e  5 ' s  def ined  above 

evaluated a t  t he  c o l a t i t u d e  and long i tude  of the  radiosonde release sites. 

The c o l a t i t u d e s  and longi tudes  are given i n  Appendix I. The - X matrix is 

then used t o  eva lua te  t h e  var iance  - covariance n a t r i x  2. 

(6-20) 

- C has been c a l c u l a t e d  f o r  t h e  Haven Hop network a d  is given in Appendix I 

f o r  l i n e a r ,  4 c o e f f i c i e n t ,  and quadra t i c  models of PsTsKs. 

I f  we l e t  t h e  ranging s i te  be 54 and 

Ps = 1000 mb 

T -7 275' K 

Ks = .88913 

u = .7' K 

5 

T 
u = . 7  mb 
P 

and s u b s t i t u t e  t h e s e  va lues  i n t o  (6-17) we ob ta in  

0 = 455.57. 

The va lues  of p re s su re ,  temperature,  .,kid Ks a r e  t y p i c a l  of the  Haven Hop 

da ta .  The s tandard  e r r o r s  i n  pressure  and tempera turewereobta ined  fmrn 

Hoidale e t  a1 . [7 ] .  Equation (6-18) r e q u i r e s  the  d e r i v a t i v e s  of t he  

coord ina te  polynomials $ with  r e spec t  t o  p ,  evalua ted  a t  p r o .  

From Appendix 111 they a r e  



51 

! h 
t 

(6-21) 

- cosa 
r e 

- c u m  c o d n  + sina - a x3 I 

p=@ re 

-cosa[rjOsinOo + rj 8  COS^^] + eosins 
0 0.. 

'e 

a x  -28 cosa 
a 0  

re 

a x6 -cosa(60) 2 sin2e0 + 2@osineosina - 1  I 

a p  I o=o 'e 

The derivatives of (6-21) are functions of azimuth. Therefore the 

estimated prror (GCl)stdS will have an azimutr.al dependence. Equation 

(6-18) for the estimated error has been evaluated using the three models 

for P T K and plotted as in Figures 21, 22, and 23. On the same p,raphs 

is the actual standard deviation of the residua. errors A for Groi:l./:'iodels 

Bc, Bd, and Bb,respectively, 

azimuths is given below for each model. 

8 8 8  

The value of (GC1)Std averaged over all 

2 .45 centimeters (" 1 S t. d 
linear 

- 
(GC ) = . 46  centimeters 1 Std 

4 coefficient 

= . 4 8  centimeters 'EC, s t d 
quadratic 

I I i 

i 

(6-22) 
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CI 

E 

2 
'0  

u 
U 

i= a 
5 w 
0 

I 

0.6- 
0 a 

0.4 D STD [GC,] 
W 
W 
2 0.2 - 

E =  lo. 9 

\ 

Figure 21. Standard deviation of (RT 3 - RT1) - GC1 'nd the estimated 

standard deviation of GC 1 due to radiosonde measurement 
errors of . 7 O C  and .7 mb versus azimuth. 

Group B consisting of 10 arbitrary data sets from Group A 
processed using Model c 

Elevation - i o o .  

(see page 78). 

i 
t 

I . ---s - ; I I 
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- 1  
i 
i 
I 
i 

i -- 

Figure 22. Standard deviation of (RT3 - RT1) - GC1 and the estimated 

standard deviarion of GC1 due to radiosonde measurement 
errors of .7OC and .7  mb versus azimuth. 

Group B consisting of 10 arbitrary data sets from Group A 

processed using Model d (see page 78). 

Elevation = 10'. 
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c 

E 
0 

2-r 

2 

I- 
4 

w 
0 

0 

0 

5 

[r: 

L3 z 
l- 

a 

a 
v) 

Fi;.::-t' 23.  Staniinr;i  d r v i , i t i o n  of (RT3 - RT1) - GC 
standarti deviation of GC due to radiosonde measurement 
errors or .7'C and .7 mb versus azimuth. Elevation = 10". 

Group B consisting of LO arbitrary data sets from Group A 

p r u c c s s d  using Model b ( s e e  page 78). 

and the estimated 1 

1 

i 

C 
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The approximate value of (GC1IStd for a linear model is given by 

(6-16). Letting n = 8  

u = 455.57 
- 
p = 140 kilometers = mean distance of sites 51 

through 58 from site 54 

E = 10" 

the approximate error given by (6-16) is 

Approx. (allStd * .4O centimeters. (6-23) 

If we neglect errors common to both the ray trace and GC1. the 

total error (a ) i n  any evaluation of GC may be divided into two parts. A 1 
The first consists of erro-s in the formula itself (uF). The second 

contribution is due to errors in the radiosonde data (J~). Because 

the radiosonde data errors and the formula errors are uncorrelated, 

we can write 

(6-24) 

From the results of (6-22) aD is approximately .5 centimeters. 

standard deviation of (RT3 - RT1)- GC, 9 u s from Tables 1 through 4 ,  

is approximately 1.1 centimeters. Substituting these values into ( 6 - 2 4 ) ,  

one finds aF = 1.0 centimeters. 

in fact accurate t o  .7OC and .?mb. Changes in the accuracy of the 

radiosonde .iata will affect the accuracy of CC In Figure 24 (CC 

has been replotted for various values of the relative error in P T K . 
By referring to the 10, 20, or 40 degree elevation a x i q i t  is possible 

t o  determine the errors in CC due t o  radiosonde errors for any degree 

of radiosonde accuracy and elevation angle. 

The 

A 

This assumes the radiosonde data were 

1' 1 Std 

s s s  

1 

1 -*-- 

\ ;  i I 
f ---.IIIu 

L I 
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4, 

u 
(3 

c- 

c3 
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. 

0.6 - 

0*4 t RELATIVE ERROR 0.1% 

0 - 
E: =40° E = 20" E = IOo AZIMUTH 
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The valu- of oT and up used i n  perforring t h e  above error a n a l y s i s  

(.7O C and .7 mb) were obta ined  from Hoidale et a1 [7 ] .  It is no t  c l e a r  

t h a t  t h e  Haven Hop d a t a  achieved t h i s  level of accuracy. From Figure  24, 

for uT = 1.3" C and up = .7 mb, t h e  errore i n  GC due to radiosonde 

errors (aD) would approximately equal t h e  r e s i d u a l  errors found in our  

d a t a  (aA 2 1 a). 

the e n t i r e  r e s i d u a l  error in t h e  c o r r e c t e d  d a t a .  

1 

Thus a 1.T temperature  error could account for almost 

The pressure  and temperature  e r r o r s  inherent i n  t h e  Haven Hop 

data can be es t imated  by c a l c u l a t i n g  t h e  va r i ance  of t h e  s u r f a c e  measure- 

ments about  t h e  regression polynomial. Using t h i s  approach and t h e  31 

d a t a  sets i n  groups A, B and C, t h e  p r e s s u r e  and temperature  va r i ances  

were es t imated  t o  be 0.8 mb and 1.3°C,respect ively.  

p re s su re  e r r o r  is very  c l o s e  t o  t h e  va lue  r epor t ed  by Hoidale e t  a1 . [7 ] .  

The es t imated  temperature  error is alwst twice a s  l a r g e  as t h e  va lue  

repor ted  by Hoidale but  appears  to  be  r e a l i s t i c .  

mentat ion e r r o r s  may be only 0.7*C, t e r r a i n  f e a t u r e s  and ground cover  

v a r i a t i o n s  could e a s i l y  in t roduce  an a d d i t i o n a l  degree Cent igrade or more 

e r r o r .  Consequently, we b e l i e v e  t h e  p re s su re  e r r o r s  i n  t h e  Haven Hop 

data a r e  c l o s e  t o  the 0.7 mb va lue  p red ic t ed  by Hoidale wh i l e  t he  temperature  

errors a r e  c l o s e  t o  the 1.3OC va lue  which w a s  es t imated  from t h e  r eg res s ion  

a n a l y s i s .  

2 

The es t imated  

Although actual i n s t r u -  

GC was evalua ted  t o  o b t a i n  a bound on t h e  e r r o r  introduced by the  

neg lec t  of h igher  o rde r  terms i n  (2-8). D e t a i l s  of t h i s  eva lua t ion  a r e  

given i n  Appendix V. 

t he  radiosonde da ta .  In  a d d i t i o n ,  l i c t l e  c o r r e l a t i o n  w a s  found between 

Variations i n  GC2 were l a r g e l y  due t o  e r r o r s  i n  

GC and t h e  r e s i d u a l  e r r o r s  (RT3 - RT1) - GC1* 
2 

1 1 - - - -  -- 

- . _  I' I -----.I 1 -  
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i f 

t 
t 
I V I I .  CONCLUSIONS 

i 
A correction formula has been developed to correct laser ranging 

I 

data for the effects of horizontal rafractivity gradients. The formula 

requires the values of the horizontal pressure and temperature gradients 

at the laser site. The gradients can be determined by measuring the 

surface pressure end temperature at various locations around the ranging 

site and using polynomial regression to obtain a least squares fit to 

the surface data. The gradients can then be calculated directly from 

the regression polynomial. 

The accuracy of the gradient correction formula was evaluated by 

comparing it with ray trace corrections. 

the ray trace results indicate that horizontal refractivity gradients 

For a fixed elevation angle, 

introduce ref taction errors which a -e approximately sinusoidal functions 

of azimuth. The errors are minimum near 0" azimuth (due north) and 

maximum near 180" azimuth (due sovth). 

peak variation of approximately 5 ctJtimeters at 10" elevation and 

The average error has a peak-to- 

approximately 1.25 centimeters at 20" elevation. The gradient correction 

formula is very effective in compensating 

The correction formula reduces the peak-to-peak value of the mean error 

to less than 1 centimeter at 10' elevation and less than 2 millimeters 

at 20" elevation. 

for this sinusoidal bias error. 

When the gradient correction is applied t o  the ray trace data, the 

standard deviation of the residual error is approximately 1 centimeter 

at 10" elevation and 3 millimeters at 20' elevation. This residual 

error appears to be due almost entirely to errors in the meteorological 

data which are used to calculate the gradient correction term. The 

I I 
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reeldual error can be reduced either by using more accurate aurface 

data or by employing additional weather statim to obtain a more accurase 

regression fit to the surface data. 

factor In the gradient correction formula. 

network is not available, it may be sufficient to correct the ranging 

data by simply subtracting the bias err-:. 

Temperature errors are the dominant 

If an adequate weather station 

The aualysis in this report did not consider the problem of extra- 

polating weather measurements to different altitudes. 

ally be a major error source,particularly in mountainous rqiorrs such as 

California where weather stations may be located at widely different 

altitudes . 

This could potenti- 
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APPENDIX I. 

DATA USED IN THE ERROR ANALYSIS OF SECTION IV 

The coordinates of the radiosonde release sites used in evaluating I 

the 5 matrix [Eq. (6-7)l are given below. 

SITE eo 4 O  

51 50.464 -76.227 

52 51.000 -77.454 

53 50.857 -75.464 

54 51.643 -76.627 

55 51.929 -78.136 

56 52.500 -77.336 

57 52.929 - 76.345 

58 52.072 -75.409 

The variance-covariance matrices using the above site coordi- 

nates to evaluate Eq. (6-18) are given below for the linear, four- 

.! 

4 
I 

i 
i 

8 ;  

* .  

coefficient, and quadratic models. 

Linear Variance-Covariance Matrix 

136.01330 

823.79511 o2  

837.86486 1 549.13075 -450.52012 

1457.77028 

823.79511 

1 
L = r -450.52012 

L i36.01330 
F.>tr-ccefficient Variance-Covariance Matrix 

2880027.4678 -3202187.2600 

-3358552.1110 3736127.9583 -3203011.0410 3561272.0384 1 ,, 3O20051.7181 -3358552.1110 

‘-1 2880027.4701 -3202011.0430 2747573.3137 -3054129.4350 

1-3202187.263 3561272.0412 -3054129.4360 3395924.6475J 
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Quadratic Variance-Covariance Matrix 

. 4726008. -7183420. 2840533. 5162797. 6980394. 3578093 - 
-7183493. 20023166. 3525662. -13856861. -19130570. -4292159. 

2840470. 3525802. 8464536. -2096916. -3157809. 3128703. 

5163020. -13857120. -2096712. 44644448. 33624533. 18191508. 

6980564. -19130721. -3157613. 33624389. 30132794. 12957445. 

. 3578159. -4292204. 3128791. 18191410. 12957413. 9309160. 

T The four-coefficient and quadratic X 4 matrices are ill-conditioned. 

Consequently computer round off errors have made them non syaunetrical. 

The effects on the regression analysis are negligable. 

2 
d 
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APPENDIX 11. 

DISTANCE AND AZIMUTH TO LATITUDE AND LONGITUDE 
? 

Evalua t ion  of GC1 us ing  Method 11 of Sect ion  ?I r e q u i r e s  t h e  
t 

de te rmina t ion  of t h e  l a t i t u d e  and long i tude  of an a u x i l i a r y  site, Po in t  1, 

a given d i s t a n c e  and azimuth from t h e  ranging site, Po in t  0. 

L e t  9, and $l b e  t h e  long i tudes  of  Poin t  0 and 1 measured from t h e  

prime meridian.  u is  t h e  azimuth of Poin t  1 relative to Po in t  0. Let 

0 and b e  t h e  c o l a t i t u d e s  of P o i n t s  0 and 1. pol is t h e  h o r i z o n t a l  
0 

d i s t a n c e  from Poin t  0 t o  Poin t  1 measured a long  t h e  e a r t h ' s  su r f ace .  

From Figure  11-1, C is t h e  ang le  between P o i n t s  1 and 2 measured 

wi th  r e s p e c t  t o  t h e  c e n t e r  o f  t h e  e a r t h .  

where re is t h e  r a d i u s  of t h e  e a r t h .  Using t h e  l a w  of cos ines ,  

cos el = cos e cos '01 - + s i n  eo s i n  7 cos 0 
0 r e e 

Ool 1 
cos 3 '01 + s i n  G o  s i n  - = cos-l bo. eo cos  - 1: 

e e r 

Defining AI$ = $1 - $o and us ing  t h e  law of s i n e s ,  

s i n  C s i n  e 
s i n  a s i n  A$ 

1 -=- 

-1 s i n  a sin k]. 
s i n  r i e 

$1 = t$ + s i n  
0 

I I 
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NORTH POLE 

POINT I (9, ,e, 

Figure 11-1. Geometry used in expressing 0 and 0 as funct ions  of P .  1 1 



APPENDIX 111. 

aF a2F 

ap a0 
EVALUATION OF - AND - 2 

From Appendix I1 

I 

cos CJ 
P P 

r r + s i n  eo s i n  - e 5 cos-' [cos eo cos - 
e e 

$ = 4o + s i n  

where 

(111-1) 

(111-2) 

eo = c o l a t i t u d e  of ranging si te 

0, = longi tude  of ranging s i t e  

8 = c o l a t i t u d e  of a po in t  a d i s t a n c e  p and azimuth a from 

t h e  ranging s i te  

Q * longi tude  of a poin t  a d i s t a n c e  p and azimuth a from t h e  

ranging s i t e  

r = r a d i u s  of t h e  e a r t h  
e 

a = azimuth of po in t  1 r e l a t i v e  t o  the ranging s i te .  

Der iva t ive  of F- l inear  case  

Let F be a polynomial expansion of t h e  form (6-2). For the  l i n e a r  

case  

$ *  
F = Fr + 8 Fe + I$ s i n  8 F 

Using t h e  chain rule 

To determine - i t  is necessary t o  c a l c u l a t e  

(I1 1-3) 

(I 11-4) 
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( I  11-5) 

I P P ', 

I + s i n  5 s i n  - cos a r 0 r (cos cos  -- e e 
Using (111-1) and l e t t i n g  x = 

ax 
2 l i 2  aP 

-1 ae  a COS (XI = -1 
aP ap 
- -  - 

( 1 - x )  
(111-6) 

s i n  8 cos a 
0 

-COS e P . -  O s i n  - + cos -- 

re J r r 
e e r e 

- 
(111-7) 

- s i n  0 cos a -112 
3 r 0 1 - cos2 0-J 

e c 

( I 11-43) 

(1: 1-9) -cos Q =-  
r 

e 

Using (111-2) 

and letting p = 0 

(111-11) 

. :  

;I: aF - and - <.re determined using (ILI-3). a e  a4  

I-- 
/ i 1 
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(111-12) 

(I 11-13) 

Substituting (III-13), (111-12). (111-ll), and (111-9) into (111-4) 

Derivative of F-quadratic case 

For the quadratic case let 

Fe4 F = Fr + 8 Fe + + sin 8 F + $8 sin 6 
4 

2 2  + e  2 - F e e + 4  sin  0 - F  
00 

Using the chain ruie (111-4) to differentiate (111-14) 

(I T I - l i )  

Evaluating at P = 0 and using (111-11) and (111-9) 

e4 
[Fe + 41 cos 8 F + 4o sin eo F -cos a 

r 0 0 9  e 
2 - Fd + 4 e COS eo F + 2e0 F~~ + +o s i n  2e0 

0 0  04 

s i n  a +- Fol$l (111-16) IFg + eo Fe4 + q+o sin q0 
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2 
Evaluation of -quadratic case 

ap 

The chain rule  may be applied again to (111-4) giving 

where only nonzero terms have been retained. (111-17) 
s i n  a 

s i n  r Letting u = - s i n  - 
e 

$ - # + s i n  -1 u 
0 

-1/2 a2u 2 

aP 

-3/2 2 2 
-%- = - (1 - u ) (-ZU)[$\ + 7 (1 - u ) - (111-18) 2 
3P2 

Evaluating (111-18) at p = 0, we obtain 

+ 2  cos eo s i n  a cos a 2 5  =c- 
2 2  
e 

. 
r s i n  eo 2 

ap 
p=o 

(111-19) 

Similarly 

-1/2 aiX 2 
a2el  1 -312 - - - -  (1 - x2) (-2x)[$ - 2 (1 - x ) ? 

a0 
2 

ap lp=o 

Evaluating a t  p = 0 

\ -1/2 2 cos 8 

r 

0 

g0i 
+- [l - cos 2 

e 

cos eo 
(1 - cos’ a ) .  0 

r’ e s i n  e 0 
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2 cos Bo sin a 

r2 s in  eo 
- a2e I 

2 
e ap 

p=o 

(111-20) 

When F is given as i n  (111-14), the other derivatives i n  (111-17) are as 

given be l o w .  

(111-22) FM + 2 Fee + 29: COS 2e0 

51 = s i n  eo 9 F + eo sin Bo F + 29, s in  2 Bo F (111-23) 
p=o 9 09 $4 

2 2 3 F  
2 

a4 
- 

$4 
= 2 sin eo F 

p r o  

(111-24) 

-j,=o = cos e *F + s i n  eO*F + eo cos eo + 2+ s i n  28 F 
0 4 )  e+ 0 n cb4- 

(111-25) 

Substituting ( I l i -g ) ,  (111-l l ) ,  (111-19), (111-20) and (111-21 through 

25) into (111-17) and col lect ing  terms 

2 
94 + 2t$0 cos 200 F 

cos Bo 9 F + s i n  eo F + 8 COS 8 F 
4 64 0 0 04 

2 cos  u sin a 

r2 s i n  eo e 

44 1 + Z40 s i n  2e0 F 
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? + 200 Fee + 0 ,  2 s i n  2Q0 

2 - F94 2 s i n  a 
2 r e 

+ 

2 cos eo cos a s i n  a 
(111-26) 

+ r2 s i n  eo 
[.( + eo Fe9 + 24, s i n  eo 4 . 

e 

4 

I 

? * 
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APPENDJX IV. FORM OF THE STANDARD DEVIATION OF GC1 

Thc s t a n d a r d  d e v i a t i o n  of GC is determined us ing  t h e  f i r s t  term of 1 
E q .  ( 2 - 2 2 ) .  The second t e r m ,  which is much smaller, is neglec ted .  

c a l 
Gcl - ( P T K ) )  . s i n  E t a n  E ap s s s , (IV-1) 

For any modeling of P T K GC may be w r i t t e n  as 
s s s '  1 

GC1 = G cos a -b G sin il (IV-2) N E 

rl:c)re G. is t h e  north-south g r a d i e n t  c o r r e c t i o n  and G is t h e  east-west 

c o r r e c t i o n .  The s tandard  error  in GC can be w r i t t e n  as 
CJ E 

1 

(IV- 3) fee,; = (0; cos2 Ix + ? a  2 cos a s i n  a + a * s i n -  NE E s t d  

t 

. 

( N - 4 )  

Equation (IV-3) can be s i n p l i f i e d  by assuming t h a t  G and G are uncorre la ted  

I t  seeins reasonable t o  assum? chat G and G are uncorre la ted  and c - = 7 H 

N E 

E *  H E 
7 2 

s i n c e  t h e  north-south g r a d i e n t  is  p r i m a r i l y  a f f e c t e d  by s e a s o n a l  v a r i a t i o n s  

i n  cl imate whi le  t h e  east-west g r a d i e n t  is e s s e n t i a l i y  a d i u r n a l  e f f e c t .  The 

Havcw flop data i t idicate  this assumpt ion  is v a l i d  so that Equation ( T V - 3 )  can 

l ~ i .  . g r i t r e n  as 

I 
, I  

i 

I 

I f I l--T ~ h 



7 1  

I 

TheHaven Hopdata also indicate aN (3 so that Equation (IV-5) can be 

approximated using the binomial theorem 
E 

2 2 

2 (IV-6) 
u - - ( I  N 

N 
(a,) = 1 + 1/2 

u + UE std 

(a,) is a sinusoid of frequency 20 where a is the azlmuth angle. 
std 

The form of (IV-6) may be compared with the standard deviation of GC obtained 1 
using the data of Project Haven Bop 1. In Fig. IV-1 the standard deviation 

of c;C for Group/Model Bd and an elevation of 10' has been plotted versus 1 
azimuth. From the figure it is clear the standard deviation of GC contains 

sinusoidal variations at a frequency 2a superimposed on a constant bias level 
1 

in agreement with (IV-6). 
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f 

i 

AZIMUTH 

Figure IV-1. Standard deviation of GC1 shmring 2a variation. 

10 data sets, Model d, E = 10'. 

Group B. 

I 

0 

I 1 -- 1 I 
7 ---- 

I 1 ' 1 1  I 
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1 

APPENDIX V. EVALUATION OF GC2 

An estimate of t h e  e r r o r  in t roduced  i n t o  t h e  g r a d i e n t  c o r r e c t i o n  

formula (2-8) by n e g l e c t i n g  t h e  higher-order  terms of GC can be obta ined  

by e v a l u a t i n g  t h e  second term i n  t h e  series, CC2. 

Gc2 = s i n  E t a n  2 2  E - 3~ (.;.l"a] 2.029 f(X) a2 

As i n  Sec t ion  VI we can estimate 

sonde data .  I f  we l e t  

PLO 

t h e  e f f e c t  of e r r o r s  I n  t h e  radio- 

where 

a = 2 - 1.04 x [?+A;). 
then  the  estimated 

2 
(GC,) = - 

s t anda rd  devia t ic i i  of G .  is 2 
r 

a2% a2x, 
Std s i n  E t a n  2 E k = l  11=1 ap2 ap2 

F F Ck, --- 029 f(X) 
L- 

L 
Equations (V-1) through (V-3) were c a l c u l a t e d  f o r  

2 2  
of - 'sTsKs and 

2 - Ks 

Ps= 1000 mb 

T = 275" K 

Ks= .88913 
9 

(V-3) 
300 3 
J u a d r a t i c  modeling 
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u = . 7 *  K T 
I u = . 7 &  

P 
E = 10' . 

The derivatives of the coordinate polynomials are available from Appendix 111. 

The variance-covariance matrix C and the colatitude and longitude of the 

release sites are given in Appendix I. 

GC was evaluated using (V-1) and the radiosonde data of Group/Model Bd. 2 

For each azimuth the standard deviation of GC2 was computed. The estimated 

standard deviation of GC2 given by (V-3) and the actual standard deviation 

of GC2 have been plotted versus azimuth in Figure (V-1). 

the same order of magnitude. This indicates errors in the radiosonde 

Both curves are on 

data are primarily responsible for variations in GC The mean of GC was 

approximately -4 mm. 

of 0930 1/26/70. 

residual errors A .  

2' 2 

Figure V-2 shows GC2 and A = (RT3 - RT1) - GC for data 1 
The figure shows little correlation between GC2 and the 

I .I. z , ,  * 1 
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I .  f J 

Figure V-1. Standard deviation of GC2 ealculated w i n g  Haven Hop data 

(Std[GCp]) and the estimated standard deviation of GC, drie 

to errors of .7*C and .7 mb i n  the radiosonde data versus 

azimuth. Group B (10 data s e t s ) .  Model 4. Elevation - 10". 
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I l l l l l l l l l l l l l l  I I I I I I I ,  
0 30 60 90 120 150 I80 210 240 270 300 330 360 

AZIMUTH 

Figure V-2. GC2 and (RT3 - RT1) - GC1 versus azimuth. 

1/26/70. 

Data of 0930 

Group B ,  Model d ,  E = 10'. 
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APPENDIX V I .  SUMMARY OF PROCESSED DATA SETS AND WDELS 

A brief summary of the processing raethods is given in Table VI-1 

below. 



ad 

Table VI-1. Prncessing Methods and Data Sets of Section V. 

r 

Group/ 
Model 

Aa 

Ba 

Bb 

Bc 

Bd 

Cb 

v . 

Ray trace 
Number of Number of radio- Regression model Calculation refractivity 
d a t a  sets  sonde balloons for sbrface data of dzrivative model 

21 

10 

10 

10 

10 

10 

8 Quadratic Approximate Quadratic 

8 Quadratic Approximate Quzdrat ic 

8 Linear plus Approximate Linear plus 

Method I 

Nethod I 

cross term Method I cross term 

8 Linear Exact: Method Quadratic 

8 Quadratic Exact Method Quadratic 

7 Linear plus Approximate Linear plus 

I1 

111 

cross term Method I cross term 

r 
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